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Abstract. In this paper, we study backward stochastic nonlinear
Volterra integral equations. Under a local Lipschitz continuity con-
dition on the drift, we prove the existence and uniqueness result. We
also establish a stability property for this kind of equations.

AMS Subject Classification: 60H20, 60HOS5.

Key words and phrases: Backward stochastic differential equa-
tion; Volterra integral equation; adapted process.

1. INTRODUCTION

A linear version of backward stochastic differential equations (BSDE’s in
short) was first considered by Bismut ([7], [8]) in the context of optimal sto-
chastic control. Nonlinear BSDE’s have been independently introduced by .
Pardoux and Peng [23] and Duffie and Epstein [10]. These equations were
intensively investigated in the last years. The main reason for this great in-
terest in these equations is because of their connections with many other fields
of research such as: mathematical finance (see El Karoui et al. [13]), stochastic
control and stochastic games (see Hamadéne and Lepeltier [17]). These equa-
tions also provide probabilistic interpretation for solutions to both elliptic and
parabolic nonlinear partial differential equations (see Pardoux and Peng [24],
Peng [26]). Indeed, coupled with a forward SDE, such BSDE’s give an exten-
sion of the celebrate Feynman—Kac formula to the nonlinear case. :

The classical condition on the drift for proving the existence and unique-
ness result is a global Lipschitz one. Many authors have attempted to relax this
condition. For instance, several works treat BSDE’s with continuous or local
Lipschitz drift (see Hamadéne [15], [16], Lepeltier and San Martin [20], N'Zi
and Ouknine [22] and the references therein). In the one-dimensional case, the
essential tool is the comparison-theorem technique. In the multidimensional
case, the improvements of the Lipschitz condition on the generator concern,
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generally, the variable y only and the conditions considered are global. It seems
that the first works treating multidimensional BSDE’s with both local con-
ditions on the drift and only square-integrable terminal data are Bahlali [2],
[3]. This author considered BSDE’s with locally Lipschitz coefficients both in
y and z. This study has been continued by Bahlali et al. [4], Aman and N'Zi
[1] and Essaky et al. [14].

Recently, backward stochastic nonlinear Volterra integral equations
(BSNVIE’s in short) have been studied by Lin [21] under the global Lipschitz
condition on the drift. His work is a continuation of a previous one of Hu and
Peng [18] where backward semilinear stochastic evolution equations with val-
ues in a complete separable Hilbert space have been considered. More precise-
ly, Lin [21] gives an existence and uniqueness result for the following nonlinear
BSDE of Volterra type:

(1.1) Y(t)+ff(t, s, Y(s), Z(t, s))ds+}[g(t, s, Y(s)+Z (¢, s)] AW (s) =

On the other hand, ordinary stochastic Volterra integral equations have
been investigated by Berger and Mizel [5], [6], Pardoux and Protter [25],
Protter [27], Kolodh [19] and have found applications in mathematical fi-
nance (see [9] and [117]). :

In this paper, we are concerned with equation (1.1) and our aim is to
weaken the global Lipschitz condition on the drift to a local one. The paper is
organized as follows. In Section 2, we give essential notions on backward
stochastic nonlinear Volterra equations and Section 3 deals with the main
result. Finally, Section 4 is devoted to a stability resuit.

2. ASSUMPTIONS AND FORMULATION OF THE PROBLEM

Let (2, & {F}o<i<r, P) be a filtered probability space satisfying the
usual conditions and {W(z), te[O0, T]} the d-dimensional standard Brownian
motion defined on it.

- Define @ = {(t, s)eR%3; 0 <t <5 < T} and denote by £ the g-algebra of
%Vs-progressively measurable subsets of Qx 9.

Let M?*(t, T; R¥) (resp. M*(2; R**%) be the set of R*-valued (resp.
R**?-valued), &, -progressively measurable processes which are square-inte-
grable with respect to PQA® A (here A denotes Lebesgue measure over [0, T]).
For X eR¥, |X| will denote its Euclidean norm. An element Y e R**? will be

considered as a k x d-matrix; its Euclidean norm is given by |Y| = \/Tr(YY*)
and <Y, Z) =Tr(YZ*).

%, stands for the Borel o-algebra of R*.

Moreover, we are given the following objects and assumptions:

(A1) f: Qx P xR*xR**? 5 R* is a (PR B,® B\ o/ B;)-measurable func-
tion satisfying:
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@ f¢,-,0,0eM*(2; RY;
(i) there exist two constants K > 0 (K sufficiently large) and 0 <o < 1

such that
If(t s, y, 2l < KA +|y|+]z2])*, P-as., ae. (t, 5)eZ;

(iii) for every Ne N, there exists a constant Ly > 0 such that

1f@ s, y, 2)=f(t, s, ¥, Z) < Lyly—y|+Kl|z—2]

for all |y| < N, |y| <N, for all (t, 5)e 2D, ze R**%, 2 e R**%, where K is the
constant in~(A1l) (i). )

(A2) g: Qx D x R - R**? is a (PR B./PB «)-measurable function which
satisfies: '

@ g(, -, 0eM?(P; R**);

(i) lg(t, s, )—g(t, s, ¥) < K|y—y' for all y, yeR* and for all (¢, s)e 2,
where K is the constant in (Al) (ii).

(A3) & is a square-integrable k-dimensional % -measurable random vector.

Remark 2.1. Note that (A1) and (A2) imply

f6,5 Y0, ZC,)eM?*(@2; RY) and g(,-, Y()eM?*(@; R**9)
whenever YeM?2(t, T; R¥), Ze M?*(Z; R**9).

DerFINITION 2.2. A solution to BSDE of Volterra type with data (£, f, g) is

a pair of %, adapted processes {(Y(s), Z(t, 5)); (t, )€ 2} with values in
M2(t, T; RY)x M?(2; R**%) which solves (1.1).

3. EXISTENCE AND UNIQUENESS

. Before stating the main result, let us give some preliminaries.

LeMMA 3.1. Let f denote a process satisfying assumption (A1). Then there
exists a sequence of processes (f,)n>1 such that, for every n>=1, f, is
(PR B, R B\ x o/ Bi)-measurable, Lipschitzian, satisfies (A1) (i), (A1) (i) and
on(fu—f)—0 as n— + oo for every fixed N, where

on(f)=E([ sup sup |£(t, s, y, 2 deds)'”

2 |y| SN zeRk * d

Proof. Let ¢, be a sequence of smooth functions with support in the ball
B(0, n+1) such that ¥, = 1 in the ball B(0, n) and supy, = 1. One can easily
show that the sequence (f,),»,; of truncated functions defined by f, = f,
satisfies all the properties quoted above. =

Let (f,).>1 be associated with f by Lemma 3.1. By the results of Lin [21],
for every n > 1, there exists a unique couple of processes {(Y,(s), Z,(t, s)):
(t, s)€ 2}, an element of M2(t, T; R¥)x M*(2; R**9) solution to the BSDE of
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Volterra type with data (£, f,, g). We build the unique solution to equation
(1.1) by studying convergence of the sequence {(Y,(s), Z,(t, 8)): (¢, s)e D}

Lemma 3.2. Assume (A1)AA3) hold true. Then there exists a constant
C > 0, depending only on T, K and £ such that for every n> 1
T T T
E(|Y,(s)*ds+E[ds[|Z,(s, ul*du<C  for all te[T—n, T],
t t s
where n < 1/24K>.

"Proof. Since {(Y,(s), Z,(t, 5)): (¢, )€ D} is the unique solution to the
BSDE of Volterra type with data (&, f,, g), we have

(3.1) Yn(t)+ff,,(t, s, Y,(5), Z,(t, 5))ds
+[La(t, 5, L @) +Za(t, )]dW () = &

Let 2, ={(t,s): T-n <t <s< T}, where n will be precised later. By Lem-
ma 2.1 of [21], for every (¢, s)e2,, we have

(32 EILGP+E f |Z (s, w)l* du
=E lélZMZEZf-@(S’ u, Y,(u), Z,(s, ﬁ)), Y, (u)) du
—2E f (Sol8s s Yy (), Zo(s, 0)), An(s, u)) du
— 253' {g (s, u, Yy (W), Zy(s, w)) du—E f lg (s, u, Y, @))|” du
< EI€|2+2EE|<f.,(s, u, Y, (u), Z(S u), Y(u)>| du -
+2EE|( fuls, u, Y, (w), Z, (s, u)}? Ay(s, u)H| du

+2E?|<g (s, u, Yo (w), Z, (s, u)>| du,

where
T

An(s, w) = [(f,(u, v, (), Z,(u, 0)—fols, v, Y, ), Z, (s, v)))dv.

u
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Using assumptions (Al), (A2) on f, and g, and the Young inequality
2ab < Pa*+b?*/B for every B> 0, we derive the following inequalities:

33)  2[Kfuls, u, (), Za(s, W), Y@))] < 2|fuls, u, Yo (), Zo(s, w)||%, ()

1 2
< Elﬁ,(s, u, Y(), Za(s, w))| + By | Y, W)

e 33_(1+|Y(“)|2+IZ (5, W)+ s 1%y )

3K? , 3K ., 3K*
<([>’1+ 1BI)IY( I +?;:|Z( , W+ B

Since

2| fuls, u, Yu(w), Z, (s, w), A, (s, w)|

1

< Elfn(s, U, Yo(), Z, (s, w)|* + B2 144 (s, w)
3 2

ﬁ£(1+|Y(u)|2+|Z (s, w)*)+ B2 |4, (s, u)|?

and

B2 |An(s, w)? < 2/32(T—u)j £, (4, 0, Y, (0), Zy(u, )| dv

+2B2(T_u)}|ﬁ(sa v, Y, (0), Z, (s, v))|" do

T

< 682 (T—u) K2 [ (1+|Y, @) +1Z, (u, v)|?) dv

u

+68, (T—u) K? }(1 +| Y, 0)2+1Z,4 (s, v)|?) do,

we have ‘
GA 2| fuls, u, L), Z,(s, u)), A, (s, w))|
3 K2

ﬂZ

+128, (T—u)? K2+ 128, (T—u) K> ng,, )2 dv

— (LY @) +|Z. (s, u)| %)

+6B,(T—u)K? f(|Z,, (, v)*+1Z,(s, v)*) dv

u

8 — PAMS 25.1
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Now,
B35 2[as, ur L)y Za(s, 0] < 28, K |Y,.(u)|2+313~|zn (s, w2

+2ﬁ3 |g (S, u, O)IZ
Combining (3.2)-3.5), we get

(3.6)  EIY ()P +E__f|z,, (s, u)|? du

<EJ2+ (ﬁ1+3£+3K 1284 K‘*)EI |Y, ()2 du
ﬁl :BZ 5

+128, K2E | (T—u)du?IY,,(v)Iz dv
T

+68, KzEf(T—u) duj(|Z,,(u, VI +1Z, (s, v)|*) dv

+<i’f+3K2 1)Enz (s, u)|24u+12ﬁzK2EJ‘(T uy’ du
ﬁ1 ﬁz ﬂ3

<3KZ 3Kz)(T—s)+2B3Ej«|g(s u, 0)? du.
B: B

Moreover, it is not difficult to show that for every process {k(s): s€[0, T]} we
have

s

T T 1 T
(3.7 E [(T—u)du | |h(v)*dv < E(T—S)ZE [ 1h W) du.
So, by integrating (3.6) from t to T, we have

T T T
E[|Y,(s)*ds+ j dsE j |Z,, (s, w)|?du
. t

2 2 -
< TE|E?+ <ﬂ1+ﬁ£+3;;< +2B8:K*+68,K?%y 2>_fdsEj|Y(u)|2du
1

3K2 3K> 1 T
+<—+_+ﬁ +3B, K> 2)j'dsEle (s, u)|* du
1 2

T 3K*> 3K?
+6[32K2Tjdsjdqu|Z (u, u)|2dv+ﬂ2K2T4+<ﬁ ﬂ >T2
1 2

s u

T T

+2B5E [ds[lg(s, u, 0)*du.
t s




Volterra integral equations with Lipschitz drift 111

Let us put
T T
U0 =Ef [Y()ds and V() =E [|Z,(, 5) ds.
t t

By choosing f; = B, = 24K?, B; = 8 and # < 1/24K?, we deduce that there
exist K; and K, depending only on & T and K such that

S

lT T T T
(8)  UpO+5[ Val®ds <Ky [Up(s)ds+ Ko (14 ds [ V, () du)

From now on let C=C(K, T, &) be a constant depending only on K, T,
¢ which may vary from line to line. By virtue of (3.8), we have

(39)  — (exp(Ky 00, (0) +exp(Ks 0 750 < C(1+ fexp (K, 5) Pu(9)ds),

dt

where r r

U,(t) = [Uu(s)ds and  V,(t) = [ V,(s)ds.
t t

Integrating (3.9) from ¢t to T, we obtain
T

U, exp (K, t)+%jT'exp(K1 )V, (s)ds < C(1+§dsjexp(K1 r) ¥, (r)dr).

Consequently, by the Gronwall inéquality, we infer that for every n>1,

te[T_VI, T]
T

(3.10) [Vis)dss<C and U,(®)<C.
t

Putting (3.10) in (3.8), we obtain again from the Gronwall inequality that there
exists a constant C = C(&, T, K) such that for every n> 1, te[T—y, T]

T T T
E[|Y ) ds+E[ds[|Z,(s, )?du<C. m
t t s

THEOREM 3.3. Assume (Al)—(A3) hold true. If

1
;
No 10 2Ly + 2 N2@ -9

(A) exp [2Ly+2L4) T] =0,

then there is a unique process {(Y(s), Z(t, 5)): (t, )€ @} with values in
M2(t, T; R x M?(@; R**% solution of equation (1.1).

Before proving Theorem 3.3, let us make the following

Remark 3.4. The condition (A) is fulfilled if there exists L = 0 such that

(QLy+2I3)T < L+(1—w)logN.
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Proof of Theorem 3.3.
Uniqueness. Let {{Y(s), Z(t, 5)): (t, )€ @} and {(Y'(s), Z'(z, 9)): (¢, )€ D}
be two solutions of equation (1.1). Define

AY () =Y ()—=Y'(s), AdZ(t,s)= Z(t, s)—2Z'(t, s),
Af(t, s)= f(t, s, Y(s), Z(t, s))—f(t, s, Y'(s), Z'(t, s)),
Ag(t, s)=g(t, s, Y(5)—g(t, s, Y'(s)).

For .every N>1, we set
AV = {(w, 5, W) eQxD,, |Y (5 +]Z (s, u) +|Y’ )| +1Z' (s, w)| = N},
AV = (@ x g )\A".

In the sequel C is a positive constant depending only on K, T, and ¢ which may
vary from line to line.
~We have

T T
AY ()+ [ Af (s, wdu+ [ [Ag(s, w+AZ (s, w]dW, = 0.
Therefore, Lemma 2.1 in [21] yields

(3.11) E|AY(s)|2+Ef|AZ(s, u)|? du
= —2Ef<Af(s, u), Y (u)) du—zEf@f(s, u), A(s, u)) du
—2Ef<Ag(s, u), AZ (s, u)) du—Ef|Ag(s;, u)|?> du
<2E f A (s, W) 1AY @] (Lan s, u)+ L (5, w)) du
+2E jT' |41 (s, w14 (s, )] (Law (s, w)+Law (s, w)) du

T
+2E [ |4g (s, w)| |4Z (s, )| du

= Jl+J2+J3+J4+J5,
where

A(s, u) = f(Af(u, v)—Af(s, v))dv.
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In view of the assumptions (A1)-(A3), the Holder inequality and the Young
inequality, we derive the following inequalities:

Ji= 2E§|Af(s, W) |AY )] Lyw (5, u)du
< EflAY(u)lzdu+E_‘T'|Af(s, )2 1 4 (5, u)du

T
< Ef|AY @)* du--

+4K*E }(1 Y @I+IZ (s, wl+]Y @] +1Z' (s, )" Lan (s, u)du.

By virtue of the Holder inequality and the Chebyshev inequality, we deduce
that

T
C
(3.12) J<E j [AY WP du+ =
T
(3.13) Jo=2E[|Af (s, w)||AY (w)| 12 (s, u) du

<2E }(LN |[AY ()] + K |AZ (s, u))|4Y ()| Lz (s, u) du

T KZ
< (Ly+B1) [14Y (w)|? du +B—E (14Z (s, w)? du,

1

T
T3 =2E [|Af (s, u)||A(s, w)| 14~ (s, u)du

T T
< Elef(s, w21~ (s, u)du+Ej |A(s, u)|* du
= Il +12 . ’
We- have -
T

I SARZE [(L+|Y @) +IZ (s, wl+1Y’ @) +12Z' (5, w)])** Lyn (5, ) du

C
< N2

T
I, =E[|A(s, u)*du

<2E }(T—u)duflAf(u, v)|? dv+2E}(T—u)du}|Af(s, v)|2dv.
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Let n < 1/24K>. By (3.7), for (s, u)e 92,, we have

G14) I, < 2Ef(T—u)dufM S, 012 (Lo (4, )+ L (1, 0)) do

+n2EjT|Af(s, W (1w (s, )+ 1w (s, w))du

T T
< 8KZE [ (T—w)du [ (1+|Y @) +1Z (u, o) +|Y' ()] .

u

T T
+1Z' (u, 0)))** g (u, v)do+4K> TE | du [ |4Z (u, v)|* dv

u

+4n2 K2E [(1+|Y @) +1Z (s, )]+ [V @) +12Z' (5, w)])** 1w (s, 1) du

T T
+4n? LY E [|AY () du+4n* K2 E [ |AZ (s, u)|? du.
Using the Hoélder inequality and the Chebyshev inequality, we deduce that
T T
(3.15) J3 SALyn*E [|AY W)|* du+4K>n*E [|AZ (s, u)|* du

(1+712)C T T

+W‘+4K2 TE j‘ du j‘ |4Z (u, v)|2 dv,

Jy= 2E}|Af(s, u)| |A (s, w)| 1z~ (s, wdu

<2E f(LN |AY W)+ K |AZ (s, u)l) |4 (s, u)| Lx (s, u)du

T T K2 T .
S LLE[1AY w)*du+(B,+1)E [|A(s, u)lzdu+ﬂ—Ef |AZ (s,u)|* du.
s s 2 s

Therefore, by virtue of (3.14), we have

T
(3.16)  Jy<[4(B+1)n>+1]1ILE[|AY () du

+ [4 B+ 1D n? +ﬂi:| K?E } |4Z (s, u)|? du
2 s
TT

+4(B,+1)K*TE [ ([ |4Z (u, v)]* dv)du+ (B, +1)n?

s u

N2(1 —a)"
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Now,

T
(3.17) Js=2E[|4g(s, u)l |4Z (s, u)l du

T T
< B3 E (|49, u)IZdu+ﬁiEj'|AZ(s, u)|2du
s 3 s

T K2 T .
< BB [14Y @ dut5-E[14Z (s, f* du
TS 3 s

By combining (3.11)+3.17) and- integrating from t to T, we obtain

T T T
E[|AY (s)>ds+ | dsE [ |AZ (s, w)|* du
t t s

T T

S (142Ly+B1+[4 B2+ 20> + 11 L+ B3) E [ ds [ |AY W) du

5

(ﬁl o +ﬂ1 +4(B2+2)n )KZEjT'dS}MZ(s, u)|* du
1 t s

T T T
+(1 +112)(1+132)N2(1 e +(4(B+2)K>*TE {ds | du [ |4Z (u, _v)|2)dv

Let us choose 5‘1 = B, = B3 = 8K? and put
T T
U@) = Ej'IA Y(s))2ds and V()= Ef|4Z, )12 ds.
t t
Then we have

(3.1;8) U(t)+ _[V(s)ds KlfU(s)ds—}- +K2}“ds§V(u)du,

s

C
N2(1 a)

where K; = 14 16K2+2Ly+2I%, K, = 4(8K2+2)K2T.
It follows that

(3.19) —% (exp (K1) U (¢)) +lexp (K. V()

C
<K, _[ exp (K 5) ¥ (s) ds+NZ(1 5€xp (K1 1),

where

U@ = }U(s)ds and V()= fV(s)ds.
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Integrating (3.19) from ¢ to T, we get
~ 17 o
(3.20) exp(K, t)U(t)+§_fexp (Kys)V(s)ds
t

T T " Cexp(K, T
ngjdsfexp(K1u)V(u)du+#l-
t s 1

Therefore, the Gronwall inequality implies that for te[T—n, T] -

Jexp(Kys) V() ds < s saa=a o [QLy+ 2L T1.
H

Passing to the limit on N, we deduce that for each te[T—#, T] we have
V() =0 and U (t) = 0. Therefore, Y(s) = Y'(s) and Z(¢, s) = Z' (¢, s) for ae.
(¢, 8)e[T—n, T]x[t, T].

For te[T—2yn, T—n], we have

n

AY(s)+Tf_ﬂAf(s, u)du+Tj_ [dg (s, u)+AZ(s, u)]dW, = 0.

Using the above procedure, we can deduce that for a.e. (¢, s)e[T—2#, T—n] x
[t, T], Y(s) = Y'(s) and Z (¢, s) = Z'(t, s) a.s. Hence, we can prove the unique-
ness of (1.1). :

Existence. For every n, me N* and (¢, s)e Z,, let us set
A ={(@, s, )€ 2x Dy, |Y, @) +|Z, (5, W) +| Y (@) +|Z (5, 0) > N},
2, = @x D )\AY,,.

Let

T

Bm‘,n(s’ u) = j(f;t(ua v, Y,,(U), Zn(u: v))_fm(u, v, Ym(v)a Zy(u, U)))dl)

u

T . ” .
— [ (u(55 v, Ya(0), Zu(s, ) =S5, 0, Y (0), Zpn(5,70))) 0.

u

We have

(B21) E|Y,(9-Y, (S)l2+Ef|Zn (8, u)—=Z s, u)l.2 du
= 2E}<fn(s, U, Yo (W), Zy (s, w)—fu(s, t, Y (W), Zn(s, 0)), ¥, () — Y () du

— 2E}<f,. (5, u, Yo (W), Zu(s, ) —fu(s, u, Yu(u); Zp (s, w), Bpnls, u))du
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— 2Ef(g(s, u, Y, )—g(s, u, Yu()), Z,(s, )—Zn(s, w)) du
T 2
—EHg(s, u, Y,(w)—g(s, u, Y, )| du
T
< 2Ej. lf;l(sz u, Y;l(u)a Z,,(S, u))_fm(S: u, Ym(u)a Zm(s9 M))l ‘Yn(u)"— Ym(u)l

X _(1 A% (s, 1)+ 13- (s, u))du

T
+2E [ | fu(s, u, Ya(u), Zo(s, W) —fu(s, ty Yu(), Zyn(s, )] |Brun (s, 1)
x(1ax (s, W+1ay (s, w))du

T
+2E [ |g(s, u, Y,)—g(s, u, Yu@)||Zy(5, 4)—Zm(s, ) du

= J1+J2+J3+J4+J5.

By Lemma 3.2 and using the same calculations as in its proof, we have
; }
(322)  Jy=2E[|fuls, u, Ya (W), Zu(s, W) —fun(s, 4, Ym(®), Z(s, u))

XY () — Yo W 143 (5, u) du
T C
< Ef|Y, - Y, du+N—2(1—_7),

’ T
Jo = 2E {|f,(s, u, (W), Z, (s, w))—fu(s, u, Y (W), Zm(S_,ft))I

X |Y;! (u)" Ym (u)l lfﬁ‘“ (Sa u) du

< 2E}|f,,(s, u, Y, (), Z,(s, w))—f (s, u, Y. (), Z (s, u))|

X | Y (w)— Y () 1z (s, w)du

+2E f |f (s, Ya (), Zu(s, w) =1 (5, #, Y (W), Zin (s, )

X |, )~ Yo (@) Lz, (5, ) du

<
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+2Eﬂf(s, U, Yo (4), Z (8, W) —fu (5, t, Yu(W), Z (s, )
XY, ()= Y ()| 13 (s, v)du

== 11 +12+I3
We have

I <ﬁ}|1§.(u)— Y,—,,—(u)lzdu+EjT:|(ﬁ,—f)(s, u, Y, (), Zy(s, w)|* Lz, (5, u) du,
' T ) KZ T
I, < (ZLN+/31)EIlK;(u)—Ym(u)lzdu-i'ﬁ—EJ 1Z(s, W—Z,p (5, u)|* du,
s 1 s

13 < E}In(u)_ Ym(u)l2 du+Efl(fm_f)(Ss u, Y,,,(M), Zm(S’ u))|2 li—Nm,,;(Sa u)du'

Hence

(3.23) T2 < QLy+ By +2)E § 1%,0)— Y @ du
VES(omf) (s 1 %o(w), Za(s, ) Lz, (5, )

+E [ [(fn=1)(5: 4, YW), Zin(s, )" 1z, (5, ) du

KZ T
+B_Ejlzn(s’ u)_Zm(S: u)lz du,

1 s

3249 J;= 2E}|f,,(s, u, Y, (4), Zy(s, w)—fu (5, 0, Y (W), Zpn(s, u))|

X|Bun(s, w) 143 (s, u)du

CSE |l Yol Zn(ss )T s Yo Zo(52 ) L5, )

T
+E [ |Byn(s, w)|*du

= I 4 +I 5.
Using the Holder inequality, the Chebyshev inequality and Lemma 3.2, we
have

C
(3.25) I, <

N2(1—-a)'
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On the other hand,

Is < 2E§(T—u) du 1jrlf,,(s, v, Y,(0), Z,(s, ) —f(s, v, ¥, (v), Zp(s, v))l2 dv

+ 2E T(T—u) du }"lfn(u, v, Y,(0), Z,(u, 0))—ful, v, Yu(0), Zp (u, U))lzdv'
By (3.7) we obtain

Is g.anileﬁ,(s;-ﬁ', Y, ), Z(s, w)~fm(s, t, Y @), Zp (s, i‘))|2
X (Lax (s, w)+ 1z (s, w)du+2E jT(T—- u) du

T
[, v, %0), Za(ty ) —fin(tty v, Y (0), Zin(w, v)|*
X (L (u, v)+ 172 (u, v))dv.

Therefore, the Holder inequality, the Chebyshev inequality and Lemma 3.2
yield

(26) s <1 gt 30 Ej]f,,—f) 5, 1, Ya(w), Zn(s, w)* Ly (5, w)du
+34%E j (=15, , Y (W), Zon(s, w)|* Liz, (5, w)du
+6EjsT'(T—u)duz|(ﬁ,——f)(u, v, Y,(0), Z,(u, 0)? Lz, (u, v)do
+6E E(T—u)du@( Fn=D), v, Yu(0), Zyn(u, ) 1220 (u, v) dv

T : T . o ‘
T+ 122 LY E [ 1Y, (0)— Y, ) du+ 69> K2 E (| Z,(s, w)— Z,, (s, u)|*du

T T
+12K2 TE | du [ |Z,(u, v)~ Zn(u, v)|* dv,
s u

‘I4 =2E flﬁl(si u, Yn(u)a Z,,(S, u))
_fm(sy u, Ym(u)’ Zm(S, u))' le,n (Sy u)l lA_Nm,,, (Sa u) du

T
<2E (=15, 4, %), Zy (s, )] By s, w)l Lz, (5, w)du
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+2Ei|f(s, u, Y, (), Z(s, u))—f(s, u, Y, (u), Z,(s, u))|

B L5 0

28§ Uam)6 1 Yo, Zs, ) B, 12,6, )
S e 50, Za, ) L,

FE (U)o, Yo, Zus, ) U (5,

+L2NE }: IY;I(u)_ Ym(u)lzdu+(62+3)Ef]Bm,n (S, u)[Z du

K2 T
+—E [1Z,(s, u)—Zp(s, w)|* du.
2

s

Consequently, by (3.26) we have

(327) J.<ny? frEies

+[3(B2 +3)n2+1JEE|(fn—f)(S, u, Y, (4), Zy(s, w)|" Lgz, (5, u) du

+[3 (52+3)n2%1]EE|( T D) (S5 4y Y U), Zn (5, )| 1y (s, ) du

+6(ﬂ2+3)EE(T—u)duikf,,—f)(u, v, Y;,(v),AZ,,(u, o) 1z, v)dy
| +6(ﬁz+3)EE(T—u)dug|( fu—1) (s v, Y,,,@, Z,u(u, u))|21ﬂm(;, v)dv

128, +3) 72 +1] LZNEEIY,,(u)— Y, () du

+[6(B2+3)n*+1/p2] KZEEIZn (s, )= Zp(s, w)|* du

T

T
+12(B,+3)K*TE [ du [ |Z, (u, v)— Z,, (u, v)|* dv.
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We have

T KZ T

(328) Js<B:EfIL, (- Ym(u)lzdu+ﬁ—EI |Z0 (5, )~ Z (5, w)| du.
s 3 s

Consequently, from (3.21)3.28) we deduce that

E|Y,(s)— Yu(s)* +E f |Z, (s, W) —Zpu(s, w)|* du

S (B¥Pi+fa+2Ly+[1+12(B, +4)n*]) LY E [ |V, (u)— Yo ) du™

B2 Bs

+243 B2+ DN E [ (=1 (s, . Yal), Zals, )| 1z (s, u)du

(ﬁl ot 4 6B+ 41 )KzEflzm, W)= Zn (s, ) du

F24+3 B2+ DN E [ (S0 (55 1y Y )y Zn(s, w)|* 1 (5, w) du
+6(B2+4)(T—9) L& (fu—)+ 0% (fu—1)]

. T T
+12(By+HK>*TE (du (|Z,(u, v)—Z,,(u, v)|*dv

+N~%(1+n2).
Let us choose f; = B, = fi; = 8K? and define
Unnl(t) = E f 1Y, (5) = Yu(s)Pds, Vim(t)=E f |Z,(t, )= Zn(t, )" ds.
(3.29) - —%(exp (K49 U (9)+ 5 0x0 (K ) Vaa(9) o
< K;E@(fn =5, 1, ), Za(s, w)” exp (K 5) Ly, (5, ) du
+K2E}|( Fu=) (55 s VW), Zon (5, 0))|” exp (K 8) 15 (5, u)du
+Ks Lok (fi—f)+ex (fu—S)exp(Ky 5)+ Ky EGXP (K1) Vo, (u) du

C
N2(1 ) €Xp (Kl S)
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where K; = 3+16K2+2Ly+2I%, K,, K5, K, and C are constants depending
only on K, T, and £ Integrating (3.29) from ¢t to 7, we obtain

(3.30) exp(Kit)Upnl(?) +% } exp(Ky S) Vunu(s)ds

T T

< (K2 + K3 T)[en (fu—f)+ ok (fmn—Sf)] exp(Ky T)+ K, [ ds [ exp (K 5) Vo, (1) dr
c .
.-I-Wexp(Kl T)

From the Gronwall inequality we deduce that

(3.31) }exp (K1 8) Vin(s)ds

< ((K2+K3 T)[ox (fu—f)+ok (fm—S)]exp (K4 T)+k1—Nz'(1—:;}eXP (K4 T))
x exp (K, T).
In view of the condition (A), passing to the limit successively for N, n and m in
(3.30) and (3.31), we have
T
[exp(Ky$) Vpu(s)ds—>0 and U,,.()—0.
i

Therefore, (Y,, Z,),>1 is a Cauchy sequence in the Banach space M2 ([t, T]; R¥)
x M*([T—n, T]x[t, T]; R**9).
We put
Y =limY,(s) and Z(t,s)=1lmZ,(t, s).

On the other hand, if we put
A7) = {(@, 1, 5)e QX Dy, 1+|Y W +|Z (s, Wl +|Y, @) +IZ, (s, u)| > N},
AN = (@x 2 )\4Y, i -
then

TaSE [ (5, Yol Za(o, )~ s s ¥ (), 265, ) du

< ?dsEjT'lf,,(s, u, Y, ), Z,(s, w)— f(s, u, Y(w), Z (s, u))l2 14v(s, uydu

s

+2}dsE}|(f,,—f)(s, u, Y, (), Z,(s, u))l2 L (s, wdu
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+2_[dsE_”f Y, W), Z,(s, w)—f(s, u, Y (u), Z (s, u)l (s, wdu

S NEa- za=n T2ek (fa f)+4L2Ej|Y(s) Y (s)2 ds

+4K2Ejds j |Z, (s, W) —Z (s, u)|* du.

Passing to -the limit successively for N and n, we obtain

_:\fdsE ]: |1 (55 u, Yo (w), Za(s, u))

—f (s, u, Y(), Z(s, w))|"du—0 for all te[T—n, T1.

Then, taking the limit in (3.1), we see that (Y, Z) solves equation (1.1) for (¢, s)e
[T—n, TI1x[t, T].

From the above calculations we know that for (¢, s)e[T—#, T]x[t, T]
there exists unique Y (T—#). Now, for (¢, s)e[T—2n, T—n ] x[t, T—nl, we
consider the equation

Y,,(t)+TFﬁ,(t, s, Y,(s), Z,,(t,_s)) ds

T-n

+ § [g(t, s, () +Z, (2, 5)]dW (s) = Y (T—n).

With the same argument as above, one can prove that (Y,, Z,),.n is 2 Cauchy
sequence in the Banach space M?([T—24, T—n]; Ry x M?([T—2n, T—n] x .
{t, T—#]; R**9). One can prove that its limit is the unique solution of the
Volterra equation with data (¢, f, g) for (¢, s)e[T—2n, T—y]x[t, T—#n].
Thus, we can prove the existence by continuing this procedure. m

* 4;'STABILITY RESULTS FOR BSNVIE WITH LOCAL LIPSCHITZ DRIFT

In this section, we prove a stability result for backard stochastic nonlinear
Volterra integral equations assuming local Lipschitz drift. Let (£,),.x* be a se-
quence of random variables and (f,, g.).>1 a sequence of processes which fulfill
assumptions of Theorem 3.3. We denote by (Y, Z,) the unique solution of the
BSDE of Volterra type with data (¢,, f;, g,). Moreover, we consider the fol-
lowing assumption:

(A4) For each NeN*\{1},

() on(fo—fo) =0 as n— +o0,
(1) 7(gn—go) =0 as n— + oo,
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(iii) E|E,— &> >0 as n— + o0,

where
1/2

7(gn—8o) = E([ suplga(t, s, ¥)—4go(t, s, y)* dsdt)

2 yeRk

THeEOREM 4.1. Assume (A1){(A4) and (A) hold true. Then
(Y,, Z) = (Yo, Zo) in M2(t, T, RYx M?(2, R**Y  as n— + 0.

Proof Let 4 > 0 (to be precised later). For each (¢, s)e [T—n T]x[t, T]
it follows from Lemma 2.1 of [21] that .

EIY;.(S)— Yo (s)|? +E£ |Zn(Ss w)—Zo(s, w)|? du = E|&,—&of?

F2E ] (o, Y0 Z, )., o0 Zo (s ). T =T ) s
=2 (Ao Y0 Zaos )= oo s Yo, Zoo, ). oo () s
28§ ol 0 o). s To 0. Zo(5, )~ Zofs. ) s

-Ejf|g,,(s, u, Y, (u)—gols, u, Y})(u))|2du.
Therefore we obtain

E|Y,(s)— Yo(S)lz‘*'E} |1Z0 (5, u)—Zo (s, w)|* du
S E|&—&ol?

+2E [ [ fols, s Yu(), Zo (5, W) —fo (s, 4, Yo (), Zo (s, w)), Yo ()~ Yo (u))|du
H2E [ fuls, u, Ya(w), Z,(s, w)— fo(s, u, Yo (i;), Zo(s, w), Ino(s, u))| du

+2E_[ [<gn(sa u, Yn(u))_'QO(Ss u, YO(u))’ Z,,(S, u)—ZO (Ss u))ldu,

where

In.o (S, u) = J.(fn(ua v, Y,,(U), Zn(us v))_fD (u, U, K)(U), ZO (u’ T")))dlj

[ (fuls, v, Ya(®), Z, (s, 0)— fo (s, v, Yo(v), Zo (s, v)))du
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For each N > 1, let us consider Ly, the Lipschitz constant of f in the ball
B(0, N) of R*, and put

DnO = {(@, 5, W)€ QX Dy, | X, ()| +1Z, (5, )| + Yo (W) +1Z0 (s, w)| = N},
nO - (‘Qx‘@n)\DnO

The same procedure as in the proof of the existence part in Theorem 3.3 yields

T
1% ()= Yo 5> +E { |Zn(s, u)—Zo (s, w)|* du

T
< E|,— fol2 (24 By +Bs+2Ly+(1+8(B2+3)n )Lz,ij'lY;,(u)fI{)(u)lz du
1 1 1 1 T
[( +—— + +4(ﬁz+3) ) _:|E,Hzn(ss u)—Zo(s, u)|? du
ﬁl )84 5
+(3+2(/32+3)'72)Ef|(ﬁ.—fo)(S, u, Y, (), Z,(s, u))|2153(0(S, u)du
T T
+4(ﬁ2+3)EI(T—u)duj |(f,,—f0) (u, v, Y, (v), Z,(u, v))|2 1pv (u, v)dy
T
+B4Ej.|(gn_g0)(sn u, Yn(u))|2 du ..

+8(8,+3)K? TEj;duyZ o, V)—Z o (u, v)|2 dv+(n? H)NZ“ -
Let us choose f; = B, = B3 = 12K2, B, =8, and n < 1/24K>. If we define
Uso(2) = E}FIY;.(S)— Yo(s)’ds and V,0() = E}'lzn(ta $)=Z,(t, s)* ds,
g / t
then we obtain
d, 1
_%(CXP (K18) U (s))+ 5 eXP (Ky5) IG,o (s)
E(exp(Ky 8)[&n—Col?)
+4Eexp(K, s)jf|(ﬁ,—fo)(s, u, Y, (u), Z, (s, u))|2 15w (s, u)du
+4(12K2+3)Eexp(K, s)

T T
x [ (T—u)du | [(fu—fo) (4, v, Y @), Z,(u, v))|* 15w, (u, v)dv

9 — PAMS 251
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+8Eexp(Ky 9) | [(ga—g0) (s, u, Y, ()" du

+8(12K2+3)K2 TEexp(K, s) f Vo W) du+exp(K, 8)—— NI

where K, = 2+24K?%+2Ly+2I%, K,, K; and C are constants depending only
on K, T, and &,. The rest of the proof is identical to that of the ex1stence part of
Theorem 3.3. &=
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